CANONICAL ISOTOPIES IN EUCLIDEAN SPACE!

BY
BJORN FRIBERG

ABSTRACT

Let G(n,k) denote the space (with the compact-open topology) of homeomor-
phisms of R" which are fixed on R¥. Theorem 1: G(n,n—2) deforms in G(n, 0)
to O(2), where O(2) is the orthogonal group. Corollary 2: (for n=2) the Kneser
theorems. Corollary 3: A Euclidean R” bundle " over S™(m £ c0) which
contains an R"~2 subbundle £"~2 is isomorphic, as a G(n,0) bundle, to a
Whitney sum ¢"~2@ &2, Corollary 4: (n—2) stable homeomorphisms of R
or S" are (n—1) stable, hence stable if orientation preserving.

Let G(n, k) denote the space (with the compact-open topology) of homeomor-
phisms of R", which are pointwise fixed on R*, We prove the following theorem.

THEOREM 1. G(n, n—2) deforms in G(n,0) to O(2), where O(2) is the orthog-
onal group.

COROLLARY 2. The Kneser theorems [4] or [6] for n = 2.

CoRrOLLARY 3. A Euclidean R" bundle &" over S™(m £ ©) which contains
an R*~? subbundle &% is isomorphic, as a G(n, 0) bundle, to a Whitney sum
&l .

COROLLARY 4. (n—2) stable homeomorphisms of R" or S" are (n—1) stable,
hence stable if orientation preserving.

Corollary 4 has been given by Cernavskii [1] for n # 4.

1. Definitions and preliminaries

R" will denote Euclidean n-space; R* = R" is identified with R, x {0} = R*
x R*=* = R". The ball of radius r in R", centered at x, is denoted by B"(x).

t Part of this work represents a portion of the author’s Ph.D. thesis at the University of
California, Los Angeles, written under the direction of D. S. Gillman and R. C. Kirby.
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If x = 0it is usually omitted. S* will denote the unit circle in the plane. G = G(n)
denotes the space (with the compact-open topology) of homeomorphisms of R*.
G(n, k) denotes the subspace of those homeomorphisms which are pointwise
fixed on R*. O(2) (SO(2)) will denote the (special) orthogonal group, identified
with idl Rn-, X O(2) in G(n,n—2). A basis for the neighborhoods of the identity
(id) in G consists of sets of the form N(C,e) = {h| |h(x) — x| <& all xeC},
where ¢ > 0, C is compact in R", and | . I denotes the usual norm. It is well known
that G is a topological transformation group on R", and compositions, inverses,
and evaluations are continuous. This will be used without further mention in
all proofs. We shall occasionally consider functions from R* to R™, which we give
the compact open topology. For f,g: R* - R™, we define

d(f, g) on A = sup{|f(x) — g(x)| |xe A4} for 4 < R*.

An isotopy h, of he G is a path in G starting at h. We say that an isotopy 4,
for each he A € G is canonical if the function from A4 x I into G defined by
(h,t) = b, is continuous, that is, defines a deformation of 4 in G. Let J denote
the integers ; A/B the complement of B in A. We make further definitions as
we need them.

2. Some useful le nmas

It will be convenient to denote points in R" by either rectangular
((z,r;,7;)€R""2 x R x R) or cylindrical ((z, r,8)e R"~% x [0, o) x S!) coor-
dinates. For ease of notation we choose a homemorphism p: [ — o0, 00) — [0, 0),
fixed for r = %. Under this correspondence we may take our cylindrical coordi-
nates in R"~2 x [— 00, ) x S! or, or course in R"~% x [0, c0) x S*.

For our first lemma we use the following notation. If f: R"~2? - [— o0, 0)
is continuous, by C, we mean the set {C,r, 9)]r < f(2)}. If f is the constant
function f(z) = r, we simply write C,. We note that C, = R"~2x BZ,,. If
fi<fa, f3<fa, by T, = T(f; fa; f3; f4) we mean the homeomorphism of R",
fixed on C,, and off C;,, which takes the ray {z} x [~ o0, 0) x {8} =[— 0, ©0)
onto itself as follows: T; is fixed on [ — oo, fi(2)] and [f,(2), ), taking
[f1(2), f2(2)] linearly onto [f(2),(1—1)f:(2) + tfs(z)] and [f,(2) fu(2)] linearly
onto [(1-0fx(z) + tf3(2),f4(z)]. It is readily seen that T, is continuous in ¢ and
fi, and that it defines an isotopy (of the identity) in G(n, n—2). Let n; and =,
denote projections (in cylindrical coordinates) of R” on R"~2 and [ - o0, ) or
[0, 0), depending on how we are taking the radial coordinate.
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LEmMA 5. Let heG(n,n—2). Then h is canonically isotopic in G(n,n—2)
10 hy, with d(my o hyymy) £ 2 0on R and Cyj_y < hy(Cy)c Cyjyq for all jelJ.
Furthermore, if he O(2), then h, = h.

Proor. Let ¢(z) = min[0;sup{r| h(B} *(z) x B,) = Bi"%(z) x B2,,}]. Set
hy = T(— 0;¢;0;1) 0 ho T, '(—o0; ¢;0;1). Then d(m; o hy o 7,) £ 1 0n Cy.
h, is now canonically isotoped to h, in three steps.

Step 1. Foreachi = —1,0,1,2,3, .- we define A;: R®"2 — R as follows: Set
Ao = 0,4_,(2) = max[1; sup{r, o hy(z’,0, 0)] [z’—z[ < 1}].

By induction define:

dgi1(z) = min[—1 + 2,(2); inf{r; o hy(z, 4,(27),0)| |z—2'] < 1}]

Agiea(2) = min[—1 4 Ay 1(2); inf{my o hiH(z7, Agins(2), 0| |zr—z| £ 1}].
Thus 1 + )'i+1 é A,‘, with C’-zj+l < hl(clzj)c Clzj-x forj é 0.

Let y, be the isotopy (of the identity) in G(n, n—2) which takes the ray
{z} x [—o0,0) x {0} = [ — 0, c0) onto itself. ¥, is the identity on [1+A_,(z), ),
it takes { —i} to {(1—8)(—1i) + t4(2)} and itis linear on the segments [ —(i+1)—1]
and [1,1 + A_(2)]. By the choice of 4;, §, varies continuously with k, and the

isotopy hys, = ¥, 'ohyoty, is canonical. Furthermore d(mihy,m) £ 1 on
Co, Wlth CZJ—I c hz(C2l) (e C2j+1' If h1€0(2) then lﬁt - id. and h1+t = hl'

Step 2. We canonically isotope h, to h; by the method described in [2,
page 85]. Specifically we define «y, f, and J, € G(n,n—2) by

o(z,r,0) = (z,r—4,0) for r £ -7
= (z,r,0) forrz -6,
and takes {z} x [—7, —6] x {0} linearly onto {z} x [—11, —6] x {8}.
ﬂ(z’r)o) = (z,r—-4,0)
0,(z,r,0) = (z,r+4,0) forr < -7
= (z,r,0) for r =2 —2, and takes
{z} x [-7, 2] x {6} linearly onto {z} x [—3,—2] x {6}. Let «(5,) be the
natural isotopies from the identity to a,(d,). Set k3., =(Bohy)o6,0(B o hy)~1oa
oh,. This isotopy slides the cylinders h,(C_g) near C_,,, along the natural
{z} x [—o0,0) x {6} fibers, keeping h,(C_,) fixed. (Here ( - ) means boundary.)
It then slides a; o h,(C_g) back along the fibers provided by o h, until #j(C_g)
agrees with h3(C_,) = hy(C.,). We note that h;,, = h, off C_,, with



Vol. 16, 1973 CANONICAL ISOTOPIES 401

h3oBic_,=Bohs ¢, Since the isotopy h;4, # h, for h, € 0(2), we modify it
by setting Ay, = (id})~1h,,,. Then hy = hj and (since the «,d,, f commute
with he O(2)), h, 4, = h, if h, € 0(2). Furthermore, since the image of the fibers
({z} x R®) N C, under h, and foh, are within 1 of {z} x R?, we have that
d(myohz, 7)) £20on C_y. We also have Cy;_y c hy(Cy) = Cyyuy for j £ -1,

Step 3. We define hye G(n,n—2) by hyc_, = h3c., and

h4| Ci~alCi=-5 — ﬂ—k° hs of kl Ci-4alCr-5*

Then h, maps each annulus C,_,/C,_g the same way that h; mapped
C_,/C_g. hj is canonically isotopic to h, (since they agree on C_,) and h,
satisfies the conclusion of the lemma. End of proof.

The following two lemmas are given in [4] for n = 2. Since the proofs are
identical, they are not given here. However, we emphasize that the space of all
bounded homeomorphisms of R” is not contractible, that is, that the M in Lemmas
6 and 7 is necessarily fixed, (refer to [4]).

"LemMa 6. Let M >0 be given and let he G(n) be bounded by M, that is
d(h,id) £ M on R". Then h is canonically isotopic to the identity. Further-
more, if h = id, then h, = id.

Lemma 7. Let M >0 be given and let he G(n) preserve orientation with
d(noh,m) £ M on R", where n:R" — R"~! denotes projection on R"~'. Then
h is canonically isotopic to the identity. Furthermore if h = id, then h, = id.

For the next lemma we consider a covering map A:R" — R"/R"~2 defined as
follows. Let e: R — S! be the standard exponential covering map. We define
AM:R"=R"2xRxR - R~"2x(0,00) xS =R"/R"2 by A(z,r,r;) =
(z, u(r,), e(r,)); the domain (range) given in rectangular (cylindrical) coordinates.
Here u: R - (0, 0) is the homeomorphism defined in the remarks preceding
Lemma 5. Thus A’ wraps the strips R""2 x [ry,r,] X R around the thickened
annuli R""? x (B,,,/int B},,)). We note that A’ fixes the half line {0} x [4, )
x {0}, and that & = (m, 04", p" om0 A'), where m,,m, and n are the projec-
tions of R on R*~2, (0, w0), and R*~! given in Lemma 7 and the remarks preceding
Lemma 5. A is now taken to be an approximation to 1’ which equals A’ off a small
compact neighborhood of xo = (0,1,0), and which is the identity on a smaller
compact neighborhood N of x,.

LemMAa 8. Let he G(n,n—2)fix xo = (0,1,0). Then hjg.,ga-2 lifts (uniquely)
to fe G(n), with f(x,) = xo. Furthermore h is canonically isotopic to k.
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ProOF. By standard covering space theory 4 uniquely exists. By the definition
of A, we have that h = /; on a neighborhood of x,, in fact on the component
of NN h~!(N) containing x,. That k is canonically isotopic to £ now follows
from the continuity of h — £, the continuity of the function h —» rad N N h~1(N)
= sup{r ] B(xo) < NN h~'(N)}, and the following basic observation which is
stated without proof as Lemma 9.

LemMmA 9. If A< G(n) is such that for every he A we have

(i) h = id on a compact neighborhood N, of x, and

(ii) h — rad(N,) is continuous,
then h is canonically isotopic to the identity. Furthermore if h = id, then
h,=id.

We give the isotopy as follows. Let ¢, e G(n,0) for 0 £ t <1 be defined by
¢.(x) = (1-1)x. Let 7 be translation by x,. Then

ht = To¢_1o(T—lohoT)o¢toT—1, fort<1

id, for t = 1.

il

3. Proof of Theorem 1

Let he G(n,n—2) be given. W.l.o.g. assume that h preserves orientation. It
suffices to give a canonical isotopy, in G(n,0), of h into SO(2). By Lemma 5,
h is canonically isotopic to h,, with h, as h, in the conclusion of Lemma 3.
Consider h,(x,) = (z,5,8,). Let pe SO(2) be rotation by 8, about R"~2, that is,
p(z,r,0)=(z,r,0+0,). Set g,=p~! o h,. By canonically translating in a small
coordinate neighborhood of x,, we obtain g, fixing x,. We now apply Lemma 8
to g,, obtaining g,, with g, canonically isotopic to g,. But £, satisfies the hypoth-
esis of Lemma 7 (since g, was sufficiently small in the radial and R"~2 coordi-
nates, with z=(m; o A’, u~* om, 0 A’) and it is canonically isotopic to the identity.
Composing with p gives a canonical isotopy from g, to p. Since the isotopy h,
from h to p may move the origin, we translate by —h,(0) to obtain the isotopy
in G(n,0). If heSO(2), then h = h;, = p, and g, = g, = § = id.

End of proof.

4. Remarks on the corollaries
ReMARK 1. Theorem 1 remains valid with S",§"~2 in place of R",R"~2,

REMARK 2. For n =2, we derive the Kneser theorems, namely that O(2)
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(respectively, O(3) is a strong deformation retract of the homeomorphism group
of R? (respectively, S2). See [4].

REMARK 3. Let H(n,n—2) denote those homeomorphisms which are invariant
on R*?, and fix 0. Then H(n,n-2) = G(n,n—2) x G(n—2,0). This gives
Theorem 1.

THEOREM 1'. H(n,n—2) deforms in G(n,0) to G(n—2,0) x O(2) which then
gives Corollary 3.

By an isomorphism (in Corollary 3) we mean a homeomorphism between the
total spaces which preserves fibers and is the identity on the zero section, that is,
a G(n,0) bundle equivalence as in [7].

ReMARK 4. Corollary 4 is just the non-canonical version of Theorem 1 with
Remark 1.
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